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Abstract 

The eccentric connectivity index £ c is a novel distance-based molecular structure de- 
scriptor that was recently used for mathematical modeling of biological activities of diverse 
nature. It is defined as £°{G) = J2v&v(G)^ e 9( v ) ' e ( w ) ' wnere deg(v) and e(v) denote the 
vertex degree and eccentricity of v , respectively. We survey some mathematical properties 
of this index and furthermore support the use of eccentric connectivity index as topological 
structure descriptor. We present the extremal trees and unicyclic graphs with maximum 
and minimum eccentric connectivity index subject to the certain graph constraints. Sharp 
lower and asymptotic upper bound for all graphs are given and various connections with 
other important graph invariants are established. In addition, we present explicit formulae 
for the values of eccentric connectivity index for several families of composite graphs and 
designed a linear algorithm for calculating the eccentric connectivity index of trees. Some 
open problems and related indices for further study are also listed. 

1 Introduction 



Let G be a simple connected graph with n = \V\ vertices. For a vertex v € V(G) , deg{v) 
denotes the degree of v . For vertices v, u G V , the distance d(v, u) is defined as the length of 
the shortest path between v and u in G . The eccentricity e{v) of a vertex v is the maximum 
distance from v to any other vertex. The diameter d{G) of G is defined as the maximum value 
of the eccentricities of the vertices of G . Similarly, the radius of G is defined as the minimum 
value of the eccentricities of the vertices of G . 



Sharma, Goswami and Madan [32] introduced a distance-based molecular structure descrip- 
tor, which they named " eccentric connectivity index" and which is defined as 

e = e(G)= J2 deg(v)-e(v) . 
v£V(G) 

The index £ c was successfully used for mathematical models of biological activities of diverse 
nature [UJ [211 E21 EE] ■ The prediction of physico-chemical, pharmacological and toxicological 
properties of compounds directly from their molecular structure has become an important tool 
in pharmaceutical drug design. The parameters derived from a graph-theoretic model of a 
chemical structure are being used not only in QSAR studies, but also in the environmental 
hazard assessment of chemicals. Eccentric connectivity index has been shown to give a high 
degree of predictability of pharmaceutical properties, and provide leads for the development of 
safe and potent anti-HIV compounds [151 G21 E3 EH ESI ES SO] • Eccentric connectivity index is 
also proposed as a measure of branching in alkanes [26] , 

The investigation of its mathematical properties started only recently, and has so far re- 
sulted in determining the extremal values of the invariant and the extremal graphs where those 
values are achieved |5U] and [26J, and also in a number of explicit formulae for the eccentric 
connectivity index of several classes of graphs [11] . An asymptotically sharp upper bound is 
derived independently in [13] and [37], and it is shown that the eccentric connectivity index 
grows no faster than a cubic polynomial in the number of vertices. In [27] the present author 
analyzed the eccentric connectivity index of unicyclic graphs with given girth and designed a 
linear algorithm for calculating £ c of unicyclic graphs. In [I] and [2] Ashrafi et al. computed the 
eccentric connectivity index of nanotubes and nanotori. In |12] the authors presented explicit 
formulae for the values of eccentric connectivity index and total eccentricity for several families 
of benzenoid graphs (triangular benzenoids, benzenoid rhombi, parallelograms and hexagonal 
benzenoids), while in |10j are given formulae of zigzag and armchair hexagonal belts and the 
corresponding open chains. 

The paper is organized as follows. In Section 2 we present some preliminary results and 
explicit formulae for several important classes of graphs. In Section 3, we introduce two graph 
transformations, such that £ c is monotone under these transformations. In Section 4, some upper 
and lower bounds involving other important graph invariants are established. In addition, we 
prove that the star S n has minimal value of eccentric connectivity index, while lolipop LP n i n / 3 j 
has asymptotically the largest value of eccentric connectivity index among connected graphs. 
In Section 5, we present the extremal trees with maximum and minimum eccentric connectivity 
index subject to certain constraints (diameter, radius, the number of pendent vertices, match- 
ing number, independence number, maximum vertex degree). In Section 6 we characterize the 
extremal unicyclic graphs with n vertices and given girth k . In Section 7, the formulae for eccen- 
tric connectivity index of Cartesian product of graphs are given, with some chemical examples 
including nanotorus and nanotube. In Section 8 we designed a linear algorithm for calculating 
£ c index of trees. Some open problems and modifications of the eccentric connectivity index are 
presented in Section 9. 



2 Preliminaries 



First we give two useful estimations of the eccentric connectivity index and in the following we 
present explicit formulae for eccentric connectivity index of various families of graphs. 

For every vertex v £ G , there holds r(G) < e(v) < d(G) . Using X^eV(G) deg(v) = 2m , it 
follows 

2m • r(G) < £ C (G) < 2m ■ d(G) , (1) 

with equality if and only if all vertices have the same eccentricity, i.e. r{G) = d{G) . 

Let k be the number of vertices of degree n — 1 in the graph G K n , with r(G) = 1 . For 
1 < k < n — lwe have 

£(G) = deg(v) ■ e(v) > (n - l)k + 2(2m - (n - l)k) = 4m - k(n - 1) , (2) 

v<=V(G) 

with equality if and only if all n — k vertices of degree less than n — 1 have eccentricity two. 
By direct calculation, the following formulae hold 



e(K n ) = n(n - 1) e(K n , m ) = ^mn 
3(n - l) 2 + 1 



e{C n ) = 2n 



e(S n ) = 3(n - 1) 
e c (Q„) = n 2 ■ 2 n 



for the complete graph K n , complete bipartite graph K n;m , path P n , star S n , cycle C n and 
hypercube Q n . 

It is sometimes interesting to consider the sum of eccentricities of all vertices of a given 
graph G [6j. We call this quantity the total eccentricity of the graph G and denote it by ((G) ■ 
For a /c-regular graph G , we have £ C (G) = k ■ C(G) . 



3 Graph transformations 

Theorem 3.1 Let w be a vertex of a nontrivial connected graph G . For nonnegative integers 
p and q , let G(p, q) denote the graph obtained from G by attaching to vertex w pendent paths 
P = wv\V2 ■ ■ ■ v p and Q = wu\U2 ■ ■ ■ u q of lengths p and q , respectively. If p > q > 1 , then 

e(G(p,q))<e(G(p+l,q-l)) . 

Proof. The degrees of vertices u q -i and v p are changed, while all other vertices have the 
same degree in G(p + l,q — 1) as in G(p, q) . Since after this transformation the longer path has 
increased, the eccentricity of vertices from G are either the same or increased by one. We will 
consider three cases based on the longest path from the vertex w in the graph G . Denote with 
deg'(v) and e'{v) the vertex degree and eccentricity of vertex v in G(p + 1, q — 1) . 
Case 1 . The length of the longest path from the vertex w in G is greater than p . This means 
that the vertex of G , most distant from w is the most distant vertex for all vertices of P and Q . 



It follows that £g*(p+i,(j-i) ( v ) = £ G(p,q)( v ) f° r an vertices w, v\, V2, ■ ■ ■ , f p , ui, U2, . . . , , while 
the eccentricity of u q increased by p + 1 — q . 

e(G(p + 1, q - 1)) - £ c (G(p, g)) > [de^(«,_i) e'K-i) + de</(u ? ) e 7 («,) + de</( Vp ) £> p )] 

- [deg(tt g _i) e(u q -i) + deg(u q ) e(u q ) + deg(v p ) e(v p )] 
= -e(u,_i) + (p-g + l)+e(u p )>0. 

Case 2. The length of the longest path from the vertex w in G is less than or equal to p and 
greater than q . This means that either the vertex of G that is most distant from w or the vertex 
v p is the most distant vertex for all vertices of P , while for vertices w, u±, U2, ■ ■ ■ , u q the most 
distant vertex is v p . It follows that £G( p+ i jg _i)(f ) = £ G(p,q)( v ) f° r vertices i>i,i>2, ■ ■ ■ ,v p , while 
£ G(p+i,q-i)( v ) = £ G(p,q)( v ) + 1 f° r vertices w,u±,U2, ■ ■ ■ ,u q -i . The eccentricity of u q increased 
by at least 1 . 

q 

f (G(p + 1, g - 1)) - f(G(p, g)) > de^(«;) e'H + de^(« p ) e'(^) + £ ^'(n,) e'^) 

j'=i 

<? 

- deg(u;) - deg(v p ) e(v p ) - ^ deg(uj) e(uj) 

> g + [e(n g _i) + 1] [(fesf(uq„i) - 1] - e(u q -i) deg(u q ^i) + e(u p ) 

> e(v p ) - e(u q -i) > . 

Case 3. The length of the longest path from the vertex w in G is less than or equal to q . 
This means that the pendent vertex most distant from the vertices of P and Q is either v p or 
u q , depending on the position. Using the formula for eccentric connectivity index of a path, we 
have 

e(G(p + l,q-l))-e(G(p,q)) > e(P P+ q + i) + [deg{w)-2]e'{w) 

- e{P P +q+i) - [deg{w) - 2] e{w) 
= deg(w) - 2 > . 

Since G is a nontrivial graph with at least one vertex, we have strict inequality. 

This completes the proof. □ 

Definition 3.1 Let v be a vertex of a tree T of degree m + 1 . Suppose that P±,P2, . . . ,P m 
are pendent paths incident with v , with lengths 1 < n± < ri2 < ... < n m . Let w be the 
neighbor of v distinct from the starting vertices of paths v\, V2, ■ ■ ■ , v m , respectively. We form 
a tree T' = 5(T,v) by removing the edges vv±, W2, ■ ■ ■ , vv m -\ from T and adding m — 1 new 
edges wv\, WV2, ■ ■ ■ , wv m -\ incident with w. We say that T' is a 5-transform of T and write 
V = 5(T, v) . 

Theorem 3.2 Let T' = 5(T,v) be a 5-transform of a tree T of order n . Let v be a non-central 
vertex, that is furthest from the root among all branching vertices (with degree greater than 2). 
Then 

em > e(T r ) . 



Proof. The degrees of vertices v and w have changed - namely, deg{v) — deg'{v) = deg'{w) — 
deg(w) = m — 1. Since the furthest vertex from v does not belong to Pi, P2, . . . , P m and 
n m > n i for i = 1, 2, . . . , m — 1, it follows that the eccentricities of all vertices different from 
Pi, P2, . . . , P m -i, P m do not change after 5 transformation. The eccentricities of vertices from 
P m also remain the same, while the eccentricities of vertices from Pi, P2, . . . , P m _i decrease by 
one. Using the equality e(v) = e(w) + 1 , it follows that 

m— 1 

e (T) - e(T') = J> + 2(n t - 1)) + (m - 1) ■ - (m - 1) ■ e(«/) 

i=l 

= 2 (ni + ra 2 + • • • + "m-i) - (m — 1) + (m - l)(e(f ) - 
= 2 (ni + n 2 + . . . + n m _i) > . 

This completes the proof. □ 

By above transformations, we get the following 

Corollary 3.3 Let G be a connected graph and u € V(G) . Assume that G\ is the graph obtained 
from G by attaching a tree T (T ^ Pj, and T ^ Sk) of order k at u ; G2 is the graph obtained 
from G by identifying u with an endvertex of a path P& ; G3 is the graph obtained from G by 
identifying u with the center of a star . Then 

£(G 2 ) < Z(Gi) < e(G? 3 ) • 
4 Upper and lower bounds 

For positive integers n and m , with n — 1 < m < n( - n ~ 1 " > ; let 

2n - 1 - ^(27^- 1)2 - 8771 

0, — fln,rrt — ^ 

Note that a is the largest integer satisfying /(a) > for the quadratic function f(a) = a 2 — 
2na + a + 2m . Let G n . m be the set of graphs K a V , where H is a graph with n — a vertices 
and m — ai ~ a ~ 1 ^ _ a ( n _ a ) edges. 

Theorem 4.1 Let G be a graph with n vertices and m edges, n — 1 < m < n ( n ~ 1 ^ . Then 

f(G) > 4m-o(n-l), 
wfi/i equality if and only if G G G n)jn . 
Proof. It is obvious that a > 1 . If r(G) > 2 , then 



£(G) = ^ de 5 (7j) • e(u) > r(G) • ^ de^(v) > 2 • 2m > Am - a(n - 1) . (3) 

veV(G) veV(G) 



For r(G) = 1 , let k be the number of vertices of degree n — 1 . It follows that the remaining 
n — k vertices have degree at least k . The inequality 2m > (n — l)k + k(n — k) implies k < a . 
Therefore, ((G) > 4m — a(n — 1) , with equality if and only if G has exactly a vertices of degree 
n—1 and all other vertices have eccentricity two, i.e. G G G n ^ m . □ 

For m = n and m = n + 1 , we have a = 1 . 

Corollary 4.2 Lei G be a unicyclic graph on n > 3 vertices. Then ( C (G) > 3n + l , with equality 
if and only if G is formed by adding one edge to the star S n . 

Corollary 4.3 Let G be a bicyclic graph on n > 5 vertices. Then ( C (G) > 3n + 5 , with equality 
if and only if G is formed by adding two edges to the star S n . 

Let K n — ke be the graph obtained by deleting k , < k < [n/2\ , independent edges from 
the complete graph K n (K n — Oe = K n ). The first Zagreb index [20] is defined as M\{G) = 
Evev(G) deg 2 {v) . 

Theorem 4.4 Let G be a connected graph on n > 3 vertices and m edges. Then 

((G) < 2nm-M x (G), 

with equality if and only if G = K n — ke , for k = 0, 1, . . . , \n/2\ , or G = P4 . 

Proof. Let di(v) be the number of vertices at distance i from the vertex v . It can be easily 
seen that e(v) < n — deg(v) . The equality is achieved for e(v) = 1 and deg(v) = n — 1 , or 
e(v) > 2 and d^iv) = d%(v) = . . . = d £ r v -\(v) = 1 . Further, we get 

n 

( C (G) = deg(v) ■ e(v) < ^ deg(v) ■ (n - deg(v)) = 2nm - M X (G) . 
vev i=l 

Suppose that equality holds in the above inequality. If e(u) = 1 for some u 6 V(G) , then 
deg(v) = n - 1 and e(v) < 2 for all v ^ u . If e(v) = 1 for all v G V(G) , then G = K n . 
Suppose that e(v) = 2 for some v G V(G) . Then, there exist a vertex w € V(G) , such that 
d(v,w) = 2 . Since ^(u) = d2(w) = 1 , the vertex v is unique for fixed v , and it follows that 
deg(v) = deg(w) = n — 2 . This implies that G = K n — ke , for k = 1, 2, . . . |_(n — l)/2j . 

In the other case, e(u) > 2 for all u € V(G) . If e(v) = 2 for all v 6 V , then deg(v) = n — 2 
for all v G V(G) , implying that G = K n — (with even n). If e(v) > 3 for some vertex v , then 
the diameter of G is equal to 3 (otherwise, the center vertex would have at least two neighbors 
at distance two), and then it follows that G = P4 . 

It can be easily seen that the upper bound for ( C (G) is attained for G = K n — ke , k = 
0,1,..., [n/2\ , or G ^ P 4 . □ 

The parameter D'(G) is called the degree distance of G and it was introduced by Dobrynin 
and Kochetova [9] and Gutman |19| as a weighted version of the Wiener index [8] 

D'(G)= Y, (deg(u)+deg(v))-d(u,v) = Ydeg(v)-D(v), (4) 

u,veV(G) vev 

where D(v) = YlueV d(u,v) . For further details on degree distance index see [71 [3D]. 



Theorem 4.5 Let G be a connected graph on n > 2 vertices. Then 



n — 1 



with equality if and only if G = K n 



Proof. Obviously, e(u) > with equality if and only if d(u, v) is constant for all vertices 
v / u . It follows 

?((})> Y, deg(u)^± = ^-D>(G), 
u£V(G) 

with equality if and only if G is a complete graph. □ 



4.1 Maximum and minimum values 

Theorem 4.6 Let G be n-vertex connected graph, with n > 4 . Then £ C (G) > 3(n — 1) , with 
equality if and only if G = S n . 

Proof. We will use the same notation as in the proof of Theorem 14.11 If k = , then according 
to © we have 

£ C (G) > 4m > 3(n - 1) . 
Now suppose that k > 1 . Using inequality 2m > (n — + fc(n — fc) , we get 

C C (G) > 2((n - l)k + jfe(n - k)) - k{n - 1) = A;(3n - 2fc - 1) . 

The quadratic function f(x) = x(3n — 2x — 1) is increasing for 1 < x < 3n ^ 1 and decreasing for 
3n 7" < x < n . Therefore, the minimum value of f{x) is attained for x = 1 or x = n . Obviously, 
f(l) = 3(n — 1) < n(n — 1) = f(n) and £ C (G) > 3(n — 1) with equality if and only if k = 1 and 
m = n — 1 , i.e. G = S n . □ 

The lollipop graph LP Ht d is obtained from a complete graph K n _d and a path , by joining 
one of the end vertices of P^ to one vertex of K n _d (see Fig. 1). 

ccijp \_\ \{2-2d + d 2 + 2d 3 -2n + 2dn- U 2 n + 2dn 2 ) for even d; 

~ I I (3 - 2d + (i 2 + 2d 3 - 2n + 2dn - 4d 2 n + 2dn 2 ) for odd d . 

The following result is presented in [37] and [IB] . 
Theorem 4.7 Le£ G be a connected graph of order n and diameter d . Then 

£ C (G) < d(n - d) 2 + 0(n 2 ) , 



and this bound is the best possible. 



Figure 1: The lolipop graph PPi2,4 • 



Proof. Let P = uoui ... be a diametral path, and let M C V be the set of the remaining 
vertices which are not on P . 

Partition the vertices of P in three sets Vq, Vi, Vi , such that the set Vi contains the vertices Uj 
with i = j (mod 3) , i = 0, 1, 2 . Let x and y be two vertices from the set Vi . Since the distance 
between x and y is at least three, x and y cannot have a common neighbor. It follows that the 
set of neighbors of all vertices from Vi are disjoint, and consecutively J2 x eV deg(x) < n — |V^| , 
for i = 0,1,2. 



If a vertex v £ M is connected with more than three vertices of P , then the distance 
between the end- vertices of P is less than d , a contradiction with the fact that P is diametral. 
Moreover, if a vertex v € M is connected with three vertices of P , then these vertices must be 
consecutive. It follows that each vertex in M is connected with at most three vertices of P and 
deg(v) < n — d + 1 . 





xeV(P) 




< d{n - I Vol + n - \Vi\ + n - \V 2 \) = d{3n -d+l). 




xeM 



Finally, combining these sums we have 




xeV(P) x&M 



< d{3n-d+l) + (n-d+l) 2 d 
= d{n - df + 0(n 2 ) , 



which completes the proof. 



□ 



From arithmetic-geometric mean inequality, we have 




Therefore, the maximum of d(n — d) 2 is achieved for d = , i.e. for d = |n/3j ■ The 
lollipop graph LP n \ n /3\ shows that the bound in Theorem 14.71 is the best possible. 

5 Eccentric connectivity index of trees 

For an arbitrary tree T on n vertices it holds [50J, 

A — f— = e{p n ) > em > e(s n ) = 3( n - 1) . 

The starlike tree T(m, ri2, . . • , nk) is a tree composed of the root v , and paths P m , P ri2 , . . . , 

P nk , attached at v . The number of vertices of T(n\ , 1%%, . . . , n^) is equal to n\ +rt2 H 1- ?^fc + 1 • 

The starlike tree SB njP = T(ni,ri2, ■ ■ ■ ,n p ) is balanced if all paths have almost equal lengths, 
i.e., \rii — nA < 1 for every 1 < i < j < p . 

Our goal here is also to add some further evidence to support the use of £ c as a measure 
of branching in alkanes. While the measure of branching cannot be formally defined, there are 
several properties that any proposed measure T has to satisfy [IT], 

TI{P n ) < TI{X n ) < TI(S n ) or TI{P n ) > TI{X n ) > TI(S n ). 

Using Theorem 13. H we have the following chain of inequalities 

e(p n ) = e(Bs n)2 ) > e(Bs n;i ) >...> e(Bs n ^ 2 ) > e(Bs n , n ^) = e(s n ) . (5) 

5.1 Trees with given number of pendent vertices 

Let T( n ' p ) the set of trees obtained by attaching a and p — a pendent vertices respectively to 
the end vertices of the path P n - P , for 1 < a < [_| J ■ I n [SO] the authors proved that among 
n-vertex trees with p pendent vertices, 2 < p < n — 1 , the maximum eccentric connectivity 
index is achieved exactly of the trees in T^ n ' p ^ , 

3(n-p+l) 2 + l 



em < 



+ (p-2)(2n-2p + l) 



Here we determine the n-vertex trees with 2 < p < n — 1 pendent vertices that have minimum 
eccentric connectivity index. In was proven in [28J that SB n ^ p has minimal Laplacian coefficients 
among n-vertex with k pendent vertices. In particular, this extremal balanced starlike tree BS Hj k 
minimizes the Wiener index and the Laplacian- like energy [29]. 



Theorem 5.1 The balanced p-starlike tree SB n ^ p has minimum eccentric connectivity index 
among trees with p pendent vertices, 2 < p < n — 1 . 

Proof. Let T be a rooted n-vertex tree with p pendent vertices. If T contains only one 
branch vertex of degree greater than two, we can apply Theorem 13.11 in order to get balanced 
starlike tree SB n ^ p , while do not change the number of pendent vertices. If there are multiple 
vertices with degree greater than 2, such that there are only pendent paths attached below them 



- we take the one furthest from the center vertex of the tree. By repetitive application of 5 
transformation and balancing pendent paths, the eccentric connectivity index decreases. 

Assume that we arrived at tree with two centers C = {v, w} with only pendent paths attached 
at both centers. If all pendent paths have equal lengths, then n = kp + 2 . Since we can reattach 
p — 2 pendent paths at any central vertex and do not change £ C (T) - it follows that there are 
exactly |_§J extremal trees with minimum eccentric connectivity index in this special case. 

Now, let R be the path with length r = r(T) — 1 attached at v and let Q be the shortest 
path of length q attached at w . After applying 5 transformation at vertex v , the eccentric 
connectivity index remains the same. If we apply the transformation from Theorem 13.11 at two 
pendent paths of lengths r + 1 and q attached at w , we will strictly decrease the eccentric 
connectivity index. Finally, we conclude that SB UtP is the unique extremal tree that minimizes 
£ c among n- vertex trees with p pendent vertices for n ^ 2 (mod p) . □ 

5.2 Trees with bounded vertex degree 

Chemical trees (trees with maximum vertex degree at most four) provide the graph representa- 
tions of alkanes [Mj- It is therefore a natural problem to study trees with bounded maximum 
degree. Denote by A = A(T) the maximum vertex degree of a tree T . The path P n is the 
unique tree with A = 2 , while the star S n is the unique tree with A = n — 1 . Therefore, we 
can assume that 3 < A < n — 2 . 

The broom B n ^ is a tree consisting of a star Sa+i an d a path of length n — A — 1 attached 
to an arbitrary pendent vertex of the star (see Fig. 2). It is proven in [36] that among trees with 
maximum vertex degree equal to A , the broom -B n) A uniquely minimizes the largest eigenvalue 
of the adjacency matrix. In [47J and [39] it was demonstrated that the broom has minimum 
energy among trees with, respectively, fixed diameter and fixed number of pendent vertices. 




Figure 2: The broom Bxi,g ■ 



Notice that the broom B n i \ = T(n — A, 1, 1, . . . , 1) is a A-starlike tree. 

Theorem 5.2 Let T ^ -B n ,A be an arbitrary tree on n vertices with maximum vertex degree A . 
Then 

e{B nA ) > e(T) . 



Proof. Fix a vertex v of degree A as a root and let Ti, T2, . . . , 7a be the trees attached at v . 
We can repeatedly apply the transformation described in Theorem 13. II at any vertex of degree at 
least three with largest eccentricity from the root in every tree Tj , as long as Tj does not become 



a path. When all trees T\, T 2 , ■ ■ ■ , 7a turn into paths, we can again apply transformation from 
Theorem 13.11 at the vertex v as long as there exists at least two paths of length greater than 
one, further decreasing the eccentric connectivity index. Finally, we arrive at the broom B n ^ 
as the unique tree with maximum eccentric connectivity index. □ 

By direct verification, it holds 

3n 2 -2An-2n-A 2 + 4A 

? {Bin A) 

From the above proof, we also get that B' n A = T(n — A — 1, 2, 1, . . . , 1) has the second 
minimal £ c among trees with maximum vertex degree A . 

From Theorem 15.21 we know that the maximum eccentric connectivity index among trees on 
n vertices is achieved for one of the brooms -B n> A • If A > 2 , we can apply the transformation 
from Theorem 13.11 at the vertex of degree A in B n ^ and obtain -B ni A-i • Thus, it follows 

e{s n ) = n c (B n ,n-i) < e(B n , n - 2 ) < ■ ■ ■< e(B n>3 ) < e(B n , 2 ) = e{p n ) . 

Also, it follows that -B n ,3 has the second maximum eccentric connectivity index (|_3(n — 
l) 2 /2j — n) among trees on n vertices. 

Theorem 5.3 Let T be a rooted tree, with a center vertex c as root. Let u be the vertex closest 
to the root vertex, such that deg(u) < A . Let w be the pendent vertex most distant from the 
root, adjacent to vertex v , such that e(v) > e(u) . Construct a tree T' by deleting the edge vw 
and inserting the new edge uw . Then 

e{T) > e{T') . 

Proof. In the transformation T — > T 1 the degrees of vertices other than u and v remain the 
same, while deg'(u) = deg(u) + 1 and deg'(v) = deg{v) — 1 . Since the tree is rooted at the center 
vertex, the radius of T is equal to r(T) = d(c, w) . Furthermore, there exists a vertex w' in a 
different subtree attached to the center vertex, such that d(c, w') = r(T) or d(c, w') = r(T) — 1 . 
From the condition e(v ) > e(u) , it follows that d(c, w') > d(c, u) and w' 7^ u . 

By rotating the edge vw to uw , the eccentricity of vertices other than w decrease if and 
only if w is the only vertex at distance r(T) from the center vertex. Otherwise the eccentricities 
remain the same. In both cases, 

£ C (T) - £ C (T') > deg(v) e(v) + deg(w) e(w) + deg{u) e{u) 

— [deg'(v ) e'(v) + deg'(w) e'(w) + deg'(u) e' '(u)] 

> e(v) + (e{v) - e{u)) - e{u) = 2{e{v) - e{u)) > . 

This completes the proof. □ 



The Volkmann tree VT{n, A) is a tree on n vertices and maximum vertex degree A , defined 
as follows [171 118|. Start with the root having A children. Every vertex different from the root, 



which is not in one of the last two levels, has exactly A — 1 children. In the last level, while 
not all vertices need to exist, the vertices that do exist fill the level consecutively. Thus, at 
most one vertex on the level second to last has its degree different from A and 1 . In \17\ [T8] 
it was shown that among trees with fixed n and A , the Volkmann trees have minimum Wiener 
index. Volkmann trees have also other extremal properties among trees with fixed n and A 

[231 EE EES US]- 




Figure 3: The Volkmann tree VT(21,4) . 
Theorem 5.4 Let T be an arbitrary tree on n vertices with maximum vertex degree A . Then 

em > e{VT nA ). 

Proof. Among n-vertex trees with maximum degree A , let T* extremal tree with minimum 
eccentric connectivity index. Assume that u is a vertex closest to the root vertex c , such that 
deg(u) < A and let w be the pendent vertex most distant from the root, adjacent to vertex v . 
Also, let k be the greatest integer, such that 

n > 1 + A + A(A - 1) + A(A - l) 2 + • • • + A(A - . 

First, we will show that the radius of T* has to be less than or equal to k + 1 . Assume that 
r(T*) = d(c, w) > k + 1 . Since the distance from the center vertex to u is less than or equal to 
k , it follows that 

e(v) > 2r(T*) - 2 > k + r(T*) > e(u) . 

If strict inequality holds, we can apply Theorem 15.31 and decrease the eccentric connectivity 
index - which is in contradiction with the assumption that T* is the tree with minimum £ c . 
Therefore, e(v) = e(u) and after performing transformation from Theorem 15.31 the eccentric 
connectivity index does not change. According to the definition of number k , after finitely 
many transformations the vertex w will be the only vertex at distance r(T) from the center 
vertex and we will strictly decrease £ C (T*) . Also, this means that for the case n = 1 + A + 
A(A — 1) + A(A — l) 2 + • • • + A(A — , the Volkmann tree is the unique tree with minimum 
eccentric connectivity index. 



Now, we can assume that the radius of T* is equal k + 1 . If the distance d(c, u) is less than 
k — 1 , it follows again that e(v) > e(u) , which is impossible. Therefore, the levels 1,2,... , fc — 1 
are full (level i contains exactly A(A — l) i_1 vertices), while the fc-th and (fc + l)-th level contain 



L 



n 



1 + A + A(A - 1) + A(A -if + ■■■ + A(A - 1 



vertices. 

Assume that T* has only one center vertex - then d(c,w) = k + 1 and e(v) = 2r(T*) — 1 . 
If d(c, u) = k — 1 , we can apply transformation from Theorem 15.31 and strictly decrease the 
eccentric connectivity index. Thus, for L > (A — l) k , the k-th level is also full and the pendent 
vertices in (k + l)-th level can be arbitrary assigned. Using the same argument, for L < (A — l) k 
the extremal trees are bicentral. By completing the k-th. level, we do not change the eccentric 
connectivity index - since e(v) = e(u) . Finally, £ C (T*) = S, c (VT(n, A)) and the result follows. 
□ 



In Table 1 from [26], the authors presented the minimum values of eccentric connectivity 
index among n < 20 vertex trees with maximum vertex degree A , together with the number of 
such extremal trees (of which one is the Volkman tree). 

5.3 Trees with given matching or independence number 

Two distinct edges in a graph G are independent if they are not incident with a common vertex 
in G . A set of pairwise independent edges in G is called a matching in G , while a matching of 
maximum cardinality is a maximum matching in G . The matching number (3(G) of G is the 
cardinality of a maximum matching of G . It is well known that (3(G) < Q, with equality if and 
only if G has a perfect matching. The independence number of G , denoted by a(G) , is the size 
of a maximum independent set of G . 

If < m < n — 1 , then A n ^ m is the tree obtained from S m+ i by adding a pendent edge to 
some of n — m — 1 of the pendent vertices of S m+ i . We call A njTn a spur (see Fig. 4). Clearly, 
A n ^ m has n vertices and m pendent vertices; the matching number, independence number and 
domination number of A n m are n — m , m and n — m , respectively. 




Figure 4: The spur Ai^j 



It can be easily seen that 



3n — 3, if m = n — 1 ; 

5n — 6, if m = n — 2 ; (6) 

In -2m- 7, if < m < n - 2 . 



Double star S a ,b is a tree obtained by joining the centers of two stars S a and S& with an edge. 
The only tree with /? = 1 is star 5 n , while for /3 = 2 we have double stars S a f, with a + b = n . 
It can be easily verified that all double stars have the same eccentric connectivity index equal 
to 5n — 6 . 

Theorem 5.5 Let T be a tree on n vertices with matching number /3 > 2 . Then 

e (T) > e(A n ,n^) , 

with equality holding if and only if T = A n ^ n _p . 

Proof. Suppose that T has k pendent vertices. For every edge e = uv in the maximum 
matching holds: at most one of the vertices v and u has degree equal to one. Therefore, 

k</3 + n-2/3 = n-l3, 

and by Theorem 15.11 we have £ C (T) > £ c (BS ni k) ■ Using Equation fl5J), it follows £ c (BS n ^) > 
£ c {BS ntn -p) = C c (^n,n-/3) since n - > f . Finally £ C (T) > t c {A n , n _ p ) , with equality holding 
if and only if T = A n ^ n -p . □ 

By Theorem 15.51 we have the following 

Corollary 5.6 Let T be a tree of order n with 'perfect matching. Then 

e c (T) > 6n - 7, 

with equality holding if and only ifT = A n>n /2 ■ 

Theorem 5.7 Let T be a tree on n vertices with independence number a . Then 

fen > e(A n , a ), 

with equality holding if and only ifT = A n ^ a for a / n — 2 and T = S a ^ for a = n — 2 . 

Proof. Since all the pendent vertices form an independent set, it follows k < a . Every tree is 
a bipartite graph, and we get a > \^~\ . By Theorem 15.11 we have £ C (T) > £ c (BS n> k) and 

Therefore, £ C (T) > i c {A nyOL ) , with equality holding if and only if T = A n>a for and 
T ^ S a b for a = n - 2 . □ 



d(T) 



5.4 Trees with given diameter or radius 

The vertices of minimum eccentricity form the center of a graph. A tree has exactly one or two 
adjacent center vertices; in this latter case one speaks of a bicenter. In what follows, if a tree 
has a bicenter, then our considerations apply to any of its center vertices. 
For a tree T with radius r(T) , 

2r(T) — 1 if T has a bicenter 

2r(T) if T has has a center. 

Let C nt d(pi,P2, ■ ■ ■ ,Pd-i) be a caterpillar with n vertices obtained from a path Pd+i = 
voV\ . . . Vd-iVd by attaching Pi > pendent vertices to Vi , 1 < i < d — 1 , where n = d + 1 + 
Yh=x Pi • Denote 

C n4 ,i = C n>d (0, ... ,0,n - d - 1,0, ... ,0) . 

i-l 

Let T^ n ^ be the set of n- vertex trees obtained from path Pd+i = vqV\ ... by attaching n — d—1 
pendent vertices to v^d/2\ and/or u^w , where 2 < d < n — 2 . Note that there is only one tree 
in the set T( n ^ for even d, and [(n — d + l)/2j trees for odd d. Zhou and Du in [50] proved 
the following 

Theorem 5.8 Let T be an arbitrary tree on n vertices and diameter d. Then 

r(T)>£(T*), T*eT {n4) 
with equality if and only ifT£ ^n.d) • 

Here we present an alternative proof of this theorem. 
Proof. Let T be n-vertex tree with diameter d having minimal eccentric connectivity index. 
Let Pd+i = vqV\ . . . Vd-iVd be a path of length d . By Corollary 13.31 all trees attached to the path 
Pd+i must be stars, which implies that T = C Ui d(pi,P2, ■ ■ ■ ,Pd-i) ■ Let i be the minimal index 
such that pi > and let j be the maximal index such that pj > . Without loss of generality 
assume that i < d — j . By applying the transformation from Theorem 13.21 at the vertices v i in 
Cn,d(pi,P2, ■ ■ ■ ,Pd-i) , we get that exactly trees from T( n d ) have minimal eccentric connectivity 
index. Note that we cannot apply 5 transformation if the vertex v is a central vertex, which is 
exactly the case for trees in Tr n d ) ■ This completes the proof. □ 



It can be easily computed that 

£ C (C n ,d,[d/2\) = 



3d 2 + l 



+ (n-d-l)(l + 2 



2 

Using transformation from Theorem 13.11 applied to a center vertex, it follows that £ C (T') < 
t c (T") for T' G r ( „ !2r _ 1} and T" G T (n>2r) . 

Corollary 5.9 Let T be an arbitrary tree on n vertices with radius r . Then 

f(T)>£ C (T(n,2r-l)), 

with equality if and only ifTG T( nj2r _i) • 



In addition, the following chain of inequalities hold 

£ C (Pn) = t, C (C n ,n-l,l{n-l)/2i) > £ C (Cn,n-2, [(n-2)/2} ) > > £ C (Cn,3,l) > £, C {C n ,2,l) =£, C (S n ). 

It follows that n-vertex double stars have the second maximum eccentric connectivity index 
among trees on n vertices. 

6 Eccentric connectivity index of unicyclic graphs 

In this section we present the results from [27] concerning the extremal unicyclic graphs with n 
vertices and given girth k (see Fig. 5). 

Let U ny k be the set of all unicyclic graphs of order n > 3 with girth k > 3 . By L n ^ we denote 
the graph obtained from Ck and P n _k+i by identifying a vertex of Ck with one end vertex of 
Pn-k+i ■ We denote by H n> k the graph obtained from Ck by adding n — k pendent vertices to 
a vertex of Ck . For U £ U n ,k , if k = n then U = Ck', if k = n — 1 then U = L n>n _i . So in 
the following, we assume that 3 < k < n — 2 . Ilic and Stevanovic in |44| proved that among all 
connected unicyclic graphs C n maximizes, while H n $ minimizes all Laplacian coefficients. 




Figure 5: Extremal unicyclic graphs Hg^ and Lr t s ■ 



6.1 The minimum case 

Theorem 6.1 Let G be a connected unicyclic graphs on n > 5 vertices with girth k . Then 

e(G) > e(H n ,k) , 

with equality if and only if G = H n ^ ■ 

Proof. Using the transformation from Corollary 13.31 we can deduce that among n- vertex 
unicyclic graphs with given girth k , the minimum of £ C (G) is achieved exactly for graphs 
H(n, fc; nj., ri2, . . . , n&) , which are obtained from a cycle C = v\Vi . . . Vf. with m pendent vertices 
attached at V{ (i = 1, 2, . . . , k) . Furthermore, it holds n — k = Ya=i n i ■ 

The eccentricity of the cycle vertices Vi are exactly [k/2\ or \k/2\ + 1 , depending whether 
the opposite vertex on the cycle has attached pendent vertices. It follows that 

k k 

t c (G) = Y J (n i + 2)-e(v l ) + Y J ^-{e{v i ) + l) 

i=i i=i 

k 

= n - k + 2^2( ni + I) ■ e(vi) . 

i=l 



For even k , there exist at least one vertex v with e(v) = [k/2\ + 1; while for odd k there are 
at least two vertices v with e(v) = \k/2\ + 1 . Finally, the eccentric connectivity index of G is 
minimal exactly for H n ^ = H(n, k; n — k, 0, 0, . . . , 0) , by collecting all pendent vertices at one 
vertex from the cycle C (all but one or two vertices from the cycle have eccentricity |_fc/2_|). □ 

For even 3 < k < n we have 

/ ' k k k\ 

f (ffn,fc) = n-k + 2{- + l + (n-k+l)- + (k-2)-\=nk + n-k + 2, 

while for odd 3 < k < n we have 

£ c (H nk ) = n - k + 2 ( 2 ■ + (n - k + 1)^— ^ + (k - 3)^—^ ) = nk - k + 4. 



6.2 The maximum case 

Using the transformations from Corollary 13. 3( we can deduce that among n-vertex unicyclic 
graphs with given girth, the maximum of £, C (G) is achieved exactly for graphs L(n, k; ni,ri2, ■ ■ ■ , , 
which are obtained from a cycle C = v\Vi . . . with paths P{ of length rij attached at Vi 
(i = 1, 2, . . . , k) . Furthermore, it holds n — k = Yli=i n i • 

Let Wi denote the end vertex of Pi (if = we have Wi = Vi). Let the eccentricity of Vi 
in the graph G \ Pi , obtained by removing the vertices of the pendent path Pj , be rrii . Only 
vertices that do not have degree equal to 2 are Vi and Wi . 

k 

e(G) = 2 +£>(«,) -£(«*)). 

veV{G) i=i 

Notice that above formula is valid also for Vi = Wi . It holds e{vi) — e(wi) = max(mj,nj) — 
{n,i + rrii) = — min(nj, mi) , and finally 

k 

e(G) = 2 e(v)-J2^Hm,ni). 

veV(G) i=l 

Claim 1. min(n — k, [fj) < ^*L 1 min(mj, rij) . 

If n — k < \kj2\ , it follows n« < mj , and n — k < Yli=i n i ■ ^ L^/^J < n — k , using 
> [k/2\ it follows nj < rrii for « = 1, 2, . . . , k , and finally [^/2j < Si=i rii = n — k . □ 

We will prove that C(C) = X^eV(G) ^ s maximized exactly for L n ^ ■ Let fej denote the 
number of vertices such that the vertex Wi is the furthest for those vertices. 

Claim 2. For at most one pendent path Pi with length > , there are vertices from Pj 
different from Vi , such that Wi is the furthest vertex in G . 

Assume that there are two vertices x € Pi and y € Pj , such that ecc(x) = d(x,Wi) and 
ecc(y) = d(y,Wj). It follows that d(x,Wi) > d(x,y) + d(y,Wj) > d(y,Wj) and d(y,Wj) > 
d(y, x) + d(x, 7i>j) > d(x, u>j) , which is a contradiction. □ 



We will refer to this path (if exists) as 'ecc path'. Assume that Pj and Pj are not 'ecc paths'. 
By rotating the path Pj on the path Pj , we mean the following transformation 



G = L(n, k; ri\,n 2 , ... ,rii,... 



,n k ) L(n, A;;ni,n 2 , . . . ,m + rij, . . . ,0, 



■ ■ ■ ,n k ) = G' . 



For at least ki vertices v , the eccentricity e(v) is increased by rij , while for at most kj vertices 
v , the eccentricity e(v) is decreased by rij . The eccentricity of vertices from Pj is changed by 
rii + rrii — rrij . Finally, we get 



Without loss of generality, assume that ki + rrii > kj + rrij , and it follows ((G') > ((G) . 

By applying this argument, we increase in each step the total eccentricity and finally get 
either L n ^ or a unicyclic graph with two pendent paths (the longer one being 'ecc path'). By 
rotating the shorter path on the longer path, it can be easily shown that ((L n ^) > ((G) . 

Finally, we get the following 

Theorem 6.2 Let G be a connected unicyclic graph on n > 5 vertices with girth k . Then 



with equality if and only if G = L n ^. 

7 Composite graphs 

Many interesting graphs are composed of simpler graphs via several operations (also known as 
graph products). We are interested in the type of relationship that exist between the eccentric 
connectivity index of composite graphs and their components. 

The Cartesian product G\ □ G*2 □ • • • □ Gk of graphs Gi, G2, ■ ■ ■ , Gk has the vertex set V(G\) x 
V(G2) x ... x V(Gk) , two vertices (u\,U2 ■ ■ ■ , Uk) and (t>i, t>2, • • • , Vk) being adjacent if they differ 
in exactly one position, say in z-th, and UiV i is an edge of Gi . It is well-known (see [31]) that 
for G = Gi □ G2 □ • • • □ Gk and vertices u, v G G we have 



C(G') - ((G) 



Tij(ki — kj) + nj(ni + rrii — mj) = fij(ki + rrii — kj — mj) + riiUj . 



e(G) < e(L n ,k) , 



k 




Using the following relations for the eccentricity and the vertex degrees 



sg 1 dg 2 (ui,u 2 ) = e Gl (ui) + e G2 (u 2 ) 



degG 1 DG 2 (ui,u 2 ) = deg Gl (ui) + deg G2 (u 2 ), 



we get 

C C {G 1 DG 2 ) = ^2 deg Gl oG 2 ( u i, u 2) ■ £G 1 DG2{ui,u 2 ) 

(u u u 2 )eV(GxDG 2 ) 

= XI E deg Gl {ui) ■ e Gl {ui) + ^ ^ deg G2 {u 2 ) ■ e G2 {u 2 ) 
u 2 <=v{G 2 ) wieV(Gi) uieV(Gi) « 2 eV(G 2 ) 

+ X deg Gl {ui) e G2 {u 2 )+ ^ deg G2 {u 2 ) ^ £g x («i) 

uieV(Gi) u 2 eV(G 2 ) u 2 eV(G 2 ) uieV(Gi) 

= \G 2 \ + -e c (G 2 ) + 2- ||G 2 || -C(Gi) + 2- ||Gi|| • C(G 2 ) , 

where |G| and denote the number of vertices and the number of edges of G respectively. 

Other graph products, such as disjunction, symmetric difference, composition, sum, join, 
corona product were examined in [TT]. The results can be applied to some graphs of chemical 
interest. 

For the rectangular grid P a □ P b , it follows 
3a 2 6 + 3ab 2 - 8ab + 3a + 36 



3a 2 
2 



3tP 
2 ' 



3a 2 b + 3ab 2 - 8ab + 3a + 26 - - ^ + \, 
3a 2 b + 3ab 2 - 8a6 + 2a + 36 - ^ - ^ + ± 
3a 2 6 + 3a6 2 - 8a6 + 2a + 26 - ^ - ^ + 1, 



if a and 6 are even; 
if a is odd and 6 is even; 
if a is even and 6 is odd; 
if a and 6 are odd. 





a 




6 


( 




+ 






.2. 


2 



3a 2 6 + 2a6 2 


-4a6- 


6 2 


+ 26, 


if 


a 


and 6 are even; 


3a 2 6 + 2a6 2 


— 6a6 — 


6 2 


+ 36, 


if 


a 


is even and 6 is odd 


3a 2 6 + 2a6 2 


- 4a6- 


6 2 


+ b, 


if 


a 


is odd and 6 is even 


3a 2 6 + 2a6 2 


— 6a6 — 


6 2 


+ 26, 


if 


a 


and 6 are odd. 



A C4 nanotorus is a Cartesian product of two cycles, C a □ . 

e{C a UC b )=Aab 
while C4 nanotube is a Cartesian product of path and cycle, P a □ C& , 

Z(p a nc b ) = 
8 Linear algorithm for trees 

Here we present a linear algorithm for calculating the eccentric connectivity index of weighted 
trees. In [27j . the author presented an extension of this algorithm for unicyclic graphs. 

Let T be a rooted tree. By T r denote the subtree rooted at vertex r £ V , which is a subgraph 
induced on vertex r and all of its descendants. 

The adjacency matrix adj is used to store the weights of the edges. First, we choose an 
arbitrary vertex as the root and start depth first search procedure (see [5] for details). For every 
vertex v , we have to find the length of the longest path from v in the subtree rooted at v . In 
each recursive call we maintain two arrays: 



ddown[v] representing the length of the longest path from the vertex v in the subtree T v ; 



parent[v] representing the unique parent of v in the DFS tree (for the root vertex, we have 
parent[v] = — 1). 



Next, we perform the second function Eccentricity (root) , Algorithm In the array 
dup[v] we maintain the length of the longest upwards path from the vertex v such that the 
first vertex on the path is the parent of v . We can calculate the value dup[v] in the recursive 
procedure by examining all children of the vertex parent[v] . Finally, for every vertex v we sum 
deg[v] ■ ecc[v] , where ecc[v] = max(ddown[v], dup[v]) and get £ C (T) . 

Procedure DFS (vertex v) 
Input: The adjacency list of the tree T with the root vertex root . 
Output: The arrays ddown and parent. 

ddown[v] = 0; 

foreach neighbor u of v do 

if (parent[u] = — 1) and (u ^ root) then 
parent[u] = v; 
DFS(u); 

if ddown[v] < adj[v,u] + ddown[u] then 
| ddown[v] = adj[v,u] + ddown [u]; 
end 
end 
end 



Procedure Eccentricity (vertex v) 
Input: The adjacency list of the tree T and the arrays ddown and parent. 
Output: The eccentricity of every vertex stored in the array ecc. 

dup[v] = 0; 

if parent[v] 7^—1 then 

foreach neighbor u of parent[v] do 

if (u 7^ v) and (u ^ parent[parent[v]]) then 
| dup[v] = max(dup[v], adj\parent[v],u] + ddown [«]); 
end 
end 

dup[v] = adj[v,parent[v]] +max.(dup[v],dup\parent[v]]); 
end 

foreach neighbor u of v do 

if parent[v] ^ u then 
| Eccentricity (u); 

end 
end 

ecc[v] = m&x(ddown[v], dup[v]); 



The time complexity of the algorithm is linear 0(n) , and the memory used is 0(n) , since 
we need three additional arrays of length n while the adjacency list contains 2(n — 1) elements. 



9 Concluding remarks 



In this paper we survey the mathematical properties of eccentric connectivity index. We present 
the extremal trees and unicyclic graphs with maximum and minimum eccentric connectivity 
index subject to certain constraints (diameter, radius, the number of pendent vertices, matching 
number, independence number, maximum vertex degree, girth). Sharp lower and asymptotic 
upper bounds are given and various connections with other important graph invariants are 
established (Zagreb index, Wiener index, degree distance). We present explicit formulae for 
the eccentric connectivity index for several families of composite graphs and designed a linear 
algorithm for calculating the eccentric connectivity index of trees. 

There are still many interesting open questions for the further study. It would be interesting 
to compute the values of £ C (G) for various classes of dendrimers or general linear polymers, and 
to introduce the ordering of trees and unicyclic graphs with respect to £ c . It would be also in- 
teresting to determine extremal regular (cubic) graphs with respect to the eccentric connectivity 
index. In the following, we present some derivative indices of the eccentric connectivity index 
and research of those indices seems the most natural course of the future work. 

The eccentric distance sum is defined in 1211 as 



Z ds (G)= £ s(v)-D(v), 

v£V(G) 

where D{v) = Y2ueV(G) d(u,v) is the sum of all distances from the vertex v. This index offers 
a vast potential for structure activity /property relationships. 
The adjacent eccentric distance sum index is defined in [3TJ as 

_ £ ( v ) • D (. v ) 

v^) — d {v) ■ 

vdV(G) yy ' 

The augmented and super augmented eccentric connectivity indices [3j 01 [16j [2] are novel 
modifications of the eccentric connectivity index with augmented discriminating power, 



e c {G)= tt and z sac ( G ) = E 



e(v) ^ ' e 2 (v) 

where M(v) is the product of degrees of all neighboring vertices of v . These indices were found 
to exhibit high sensitivity towards the presence and relative position of heteroatoms. 
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